BOREL AND CONTINUOUS SYSTEMS OF MEASURES 
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Abstract. We study Borcl systems and continuous systems of measures, with a focus on 
mapping properties: compositions, liftings, fibred products and disintegration. Parts of the 
theory we develop can be derived from known work in the literature, and in that sense 
this paper is of expository nature. However, we put the above notions in the spotlight 
and provide a self-contained, purely measure-theoretic, detailed and thorough investigation 
of their properties, and in that aspect our paper enhances and complements the existing 
literature. Our work constitutes part of the necessary theoretical framework for categorical 
constructions involving measured and topological groupoids with Haar systems, a line of 
research we pursue in separate papers. 



1. Introduction 

We first give an overview of tlie contents of this paper. This is followed by a discussion of 
the nature of our work and its relation to the existing literature. 



1.1. Overview. Our treatment of Borel systems of measures (BSMs) and continuous sys- 
tems of measures (CSMs) in this paper is very general. Loosely speaking, a system of 
measures on a map vr : X — )■ F is a family of measures A* = {A^j^gy on X, such that each 
A^ is concentrated on TT^^{y). This can be made precise when the nature of X, Y and tt is 
specified (e.g. topological spaces with a continuous map, Borel spaces with a Borel map), 
leading to appropriate assumptions on the measures {A^}. We will denote a map n : X ^ Y 

admitting a system of measures A* by the diagram X ^ Y ■ 

In the spotlight of our work are mapping properties of systems of measures. We establish 
terminology, notation and basic properties of systems of measures in Section [21 Then, in 
Section [31 we study composition of systems, corresponding to the following diagram 

X — - 



/3* 



The composition (/3oa)* is defined for any Borel set E (1 X by {/3oa)''{E) = Jy a^{E) d/3''{y) 
(Definition [3lD. 
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In Section m we treat the notion of lifting, namely producing a system of measures {q*<y)* 
on TTy in the following pull-back diagram: 



X*Y 



Y 



X 



Z 



The lifting is given by {q*Q:y = oi'^^^^ x 5y (Definition I4.ip . 

Section O deals with the fibred product, which is a system of measures (7^ * 7y)* on the 
map f * g in the following diagram: 



X2*Y2 




Xi*Yi 



The fibred product is defined by (7^ * 7y)^'^^'^^'' = 7^^ x 7^ (Definition IS.ip . 

Section [6] explores the concept of disintegration, a most valuable tool in applications: If 
{X, fi) and [Y, v) are measure spaces, and / : X — > F is a Borel map, then a system of 
measures 7* on / is a disintegration of yU with respect to v if /i(-E) = jY'l^{E)dv{y) for every 
Borel set E C X. 

We conclude, in section [71 with a brief discussion of systems of measures for groupoids, in 
particular Haar systems. 



1.2. Broad perspective. While our interest in systems of measures originated from our 
work with groupoids, in this paper we develop the theory from elementary principles and 
our approach is purely measure theoretic. This is in contrast to many references where the 
subject has been studied from very specialized perspectives. Systems of measures (also called 
TT-systems or kernels) appear in various mathematical contexts, and have been investigated 
from different viewpoints in the literature. For example, a general introduction to the topic 
can be found in Bourbaki [3], which takes a very functional analytic approach. 

The primary goal we set for this paper was to collect and clarify the categorically-flavored 
constructions that we needed, details of which we managed to trace only in part in the 
functional analysis, probability and groupoid literature. We do not claim to present an 
exhaustive account of the literature on systems of measures. 
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The world of groupoids, which motivated our study, is a disciphne in which systems of 
measures play a fundamental role. Most notably, a Haar system for a groupoid G is essentially 
a left-invariant system of measures on the range map r : G ^ G^^\ which generalizes the 
notion of a Haar measure on a group. In particular, Haar systems are a crucial ingredient 
for integration on groupoids, for groupoid representations, and for constructing groupoid 
C*-algebras. Beyond Haar systems, maps between groupoids naturally give rise to systems 
of measures as well. 

In the groupoid literature, systems of measures have been studied extensively, for example 
by Connes in [5j (using the term "kernel", noyau in French), by Muhly in |7] and by Renault 
and Anantharaman-Delaroche in [1] (using the term "vr-systems" ) . The scope of our current 
study of systems of measures was therefore restricted to mapping properties which were 
essential for specific applications that came up in our work. Some of the results presented 
here appear scattered across the literature, which is why we opted to give a self contained 
treatment, including all definitions, and full proofs whenever lacking precise references. We 
point out that some of the formulas and diagrams which we make explicit, can be found in 
yy. In fact, significant parts of the theory are implicit in, and can be non-trivially derived 
from the aforementioned groupoid references, as well as other works of Renault (e.g. [T2]). 
Ramsay (e.g. [10]) and others. We single out a couple of such sources which we refer the 
specialized reader to: The first is Appendix A.l of [1] on transverse measure theory, which 
builds on Connes' work, starting with [5]. The second is a fibred product construction 
beginning on page 265 of [lOj. A detailed discussion of how to extract some of our results 
from these is beyond the scope of this paper. 

This paper provides tools and techniques that allow us to form certain categorical con- 
structions with topological groupoids, which we shall present in separate papers. Primarily, 
we were interested in forming the so-called "weak pull-back" of a diagram of topological 
groupoids, each endowed with a Haar system and a quasi-invariant measure on its unit 
space [1]. The weak pull-back is a key ingredient for degroupoidification a la Baez and 
Dolan |2], which together with Christopher Walker we are currently generalizing from the 
discrete setting to the realm of topology and measure theory. 

2. Systems of measures 

Throughout, we will assume all topological spaces to be second countable and 
Ti. We require spaces to also be locally compact and Hausdorff whenever 
dealing with continuous systems of measures, as well as throughout Section 
Measures will always be positive and Borel. Unless stated otherwise, continuous functions 
will be complex-valued, whereas Borel functions are allowed to take infinite values. 

We first recall the definition of the support of a Borel measure on a space X: 

supp{fi) = {x G X : /u(A) > for every open neighborhood A oi x}. 

We say that the measure /i is concentrated on a subset S* C X if fi{X \S) = 0. 

Lemma 2.1. The support is a closed subset of X. Moreover, if S is a closed subset of X, 
then supp{^) S if and only if the measure fi is concentrated on S . 

Proof. Take x ^ supp{fi). Then x has an open neighborhood A such that fi{A) = 0. Fur- 
thermore, A n supp{^) = 0. This shows that the complement of supp{fi) is open. 
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For the second part, note first that supp{fi) C if and only if 

X ^ S 3AC X open : x e A, fx{A) = 0. 

Assume that /i(X \ S) = 0. Since the complement X \ 5* is open, A = X \ S satisfies the 
above statement for any x ^ S and it follows that supp{fi) C 5*. 

Viceversa, assume supp{fi) C 5*. Fix a countable basis B for the topology of X. Then the 
following statement is true: 

X ^ S 3A^ e B : X e A^, fx{A^) = 0. 

It follows that X\S ^ Ux^5 ^a:- -^^^ ^^^^ union consists of countably many distinct elements 
of the basis B, so we can invoke countable subadditivity to obtain fi{X\S) < '^^(^s ~ 
0. □ 

Definition 2.2. Let n : X ^ Y be a Borel map. A system of measures on n is a family 
of measures A* = {A^jj^gy such that: 

(1) Each \y is a Borel measure on X; 

(2) For every y, A^ is concentrated on TT~^{y). 

If the map vr : X — )■ F is continuous (or proper if the spaces are T2), then condition (2) is 
equivalent to 

(2') For every y, supp^X^) C n'^^y). 

This follows immediately from Lemma [2.11 since 7r~^(?/) is a closed subset of X. 

We will denote a map ir : X Y admitting a system of measures A* by the diagram 



Trivially, when y is a singleton {y}, a system of measures on the projection tt : X — )■ {y} 
is merely a Borel measure on X. This obvious observation will be of use in the sequel. 

Definition 2.3. We will say that a system of measures A* is: 

• positive on open sets if X^IA) > for every y eY and for every open set A C X 
such that A n n'^iy) ^ 0. 

• locally hounded if for any x G X there exists a neighborhood and a constant 
C > such that X^iU^) < C for any y eY. 

A system of measures will be called bounded on compact sets if for any compact set K O X, 
X'{K) is a bounded function on Y. In general, it is not hard to see that being locally bounded 
implies being bounded on compact sets. If X is assumed to be locally compact, the converse 
is also trivially true. Our discussion of this property will usually be restricted to the setting 
of locally compact spaces, where the two notions coincide. 

Lemma 2.4. Assume that the map tc : X Y is continuous. A system of measures X* on 
TT is positive on open sets if and only if supp{Xy) = 7i^^{y) for every y eY. 

Proof. Suppose that A* is positive on open sets. For any x G n^^ly) and any open neighbor- 
hood A of X, we have that A fl TT^^{y) ^ and thus A^(A) > 0. Therefore, x G supplX"^). 
This proves that 7i~^{y) C supp^X^). Condition (2') above implies that supp{X^) = n~^{y). 

Conversely, assume that supp{Xy) = TT~^{y) and let A C X be an open subset satisfying 
A n vr"^(y) 7^ 0. Pick x G A fl Ti^^iy). Since x G suppi^X^) and A is an open neighborhood 
of x, it follows that A^(A) > 0. Therefore, A* is positive on open sets. □ 
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Definition 2.5. A system of measures A* on a continuous map it : X ^ Y will be called a 
continuous system of measures or CSM if for every non-negative continuous compactly 

supported function < / G Cc(X), the map y ^ f{x)d\^{x) is a continuous function on 

Jx 



Y. 

Note that implicit in the above definition is the assumption on A* that f {x)d\y {x) is 
finite for all y and for any < / G Cc{X). This implies that f{x)dX^{x) is finite for 
any complex- valued function / G Cc{X). Hence, a CSM can be defined, equivalently, by 
requiring the map y ^ Jx f {x)d\y {x) to be a continuous function on Y for any complex- 
valued function / G Cc{X). 

Definition 2.6. A system of measures A* on a Borel map t[ : X ^ Y is called a Borel 
system of measures or BSM if for every Borel subset E 'O X , the function X'{E) : Y 
[0, oo] given by y ^ X^{E) is a Borel function. 

In the sequel it will be implicit that whenever a map n : X ^ Y admits a BSM, it is a 
Borel map, and if it admits a CSM, it is a continuous map. Also, recall that in the CSM 
context, spaces are assumed to be locally compact and Hausdorff. 

Lemma 2.7. A system of measures X* on tt : X ^ Y is a BSM if and only if for every 
nonnegaUve Borel funcUon f : X ^ |0.oo|, tke map y ^ //(x)dA»(.) ,s a Borel funcUon 
on Y . 

Proof. Assume that y ^ J f{x)dXy{x) is Borel for any Borel function / : X — )■ [0, oo], and 
let C X be a Borel subset. Then the function y ^ J XEi^)^^^i^) ~ ^^{E) is Borel. 

Now suppose A* is a BSM. The following argument is standard. If s = Yl^=i ^iXjs- 
a nonnegative simple function on X, then the map y ^ j s{x)dX^{x) = J2i=i^i^^iEi) 
is Borel, being a linear combination of the Borel functions y X^{Ei). Now let / be 
any nonnegative Borel function. There exists an increasing sequence of nonnegative simple 
functions s„ that converges to / pointwise on X. From the Monotone Convergence Theorem, 

/ f{x)dX^{x) = /lim„ ^ooSn{x)dXy{x) = lim„ ^oo / s„(x)(iA^(x). Therefore the function 

y ^ J f {x)dX^ {x) is a limit of Borel functions and thus Borel. □ 

Len,^a 2.8. Let A- ie a BSM. For / . Q i'(A'). raa.y^f /(.).A»(.) 

y&Y 

is Borel. 

Proof. The proof is a routine argument stemming from Lemma [2.71 We will denote Ef{y) = 
f{x)dX^{x). Assume first that / is real-valued. Write f = f+ — /_, where f+, f- are 
respectively the positive and negative parts of /. By Lemma \2.7\ the functions Ff^{y) and 
Ff_{y) are both Borel and finite, which implies that the function Ff{y) = Ff^{y) — Ff_{y) is 
Borel. For complex-valued /, write f = fi + if2, and Ff{y) = Ff^{y) + iFf^{y) is Borel. □ 

Lemma 2.9. Assume that X' is a CSM onn : X -^Y, and let f G Cc{X). Let F : Y ^ C be 

the continuous function on Y given by F (y) = / f(x)dX^{x). Then supp{F) C TT(supp{f)) . 

Jx 

Proof Define A =_{x G X : f{x) ^ 0} and 5 = G F : F{y) ^ 0}. By definition, 
A — supp{f) and B = supp{F). Recall that A^ is concentrated on 7i~^{y), from which it 
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follows that 

y^Ti{A) 'K-\y)r}A = ^ \/x e n-\y)J{x) = =^ [ /(x)ciA^(x) = ^ y ^ B. 

J X 

Thus B C 7r(yl). Since tt is continuous, A is compact, and Y is T2, we obtain supp{F) = 

B C 7t{A) = 7V(A) = 7T{sUpp{f)). □ 

Corollary 2.10. A CSM \* on n : X ^ Y satisfies that for every f E Cc{X), the map 

[ f{x)d\y{x) IS m CciY). 
Jx 

In the literature, the compact support of the map y /(x)(iA^(x) is often included in 

the definition of continuity for a system of measures. 

Lemma 2.11. A CSM is always locally bounded. 

Proof. Let A* be a continuous system of measures on the continuous map tc : X ^ Y and 
let C X be compact. There exists a function / G Cc{X) such that / : X — )■ [0, 1] and 
/ = 1 on is:. Therefore, X^iK) = XKi^)dXy{x) < f{x)d\y{x). By Lemma EH the 
support of the continuous function F{y) = f[x)d\y{x) is contained in '7i{supp{f)), which 
is compact. Therefore, F is a bounded function on Y, and so is X'{K). Hence A* is bounded 
on compact sets and therefore locally bounded. □ 

Definition 2.12. A system of measures X* on n : X ^ Y satisfying that A^(X) < 00 for 
every y E Y will be called a system of finite measures. If A* is also a BSM, it will be 
called a finite BSM, and if A* is also a CSM, it will be called a finite CSM. 

Definition 2.13. A system of measures A* on n : X ^ Y satisfying that A^(X) = 1 for 
every y E Y will be called a system of probability measures. If A* is also a BSM, it 
will be called a probability BSM, and if X* is also a CSM, it will be called a probability 
CSM. 

Definition 2.14. A system of measures X* on tt : X Y satisfying that every x E X has 
a neighborhood such that A^([4) < 00 for every y E Y , will be called a locally finite 
system of measures. If X* is also a BSM, it will be called a locally finite BSM. 

A locally finite system of measures is, in particular, a system of locally finite measures. 
We deliberately chose the stronger notion, as it is needed for our purposes (in particular for 
Lemma [MID . 

Observe that a system of measures which is locally bounded, is of course locally finite. In 
light of Lemma 12.111 we have the following immediate corollary. 

Corollary 2.15. A CSM is always locally finite. 

Before we proceed, we briefly recall the following well known facts from basic measure 
theory. A Dynkin system "D is a non-empty collection of subsets of a space X which is 

(i) closed under relative complements, i.e. if A, B E V and A O B then B \ A E V; 

(ii) closed under countable unions of increasing sequences, i.e. if Ai E V and Ai C Aj+i 
then [JZiAeV; 

(iii) contains X itself. 

An equivalent notion is that of a A-system V, which is a non-empty collection of subsets of 
a space X which is 
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(a) closed under complements, i.e. if A &V then G V; 

(b) closed under disjoint countable unions, i.e. ii Ai & V and Ai r\ Aj = ^ \fi ^ j then 

(c) contains X itself. 

A TT-system P is a non-empty collection of subsets that is closed under finite intersections. 
Dynkin's tt-A Theorem says that if a 7r-system P is contained in a Dynkin system D, then 
the entire a-algebra generated by V is contained in V. 
For our purposes, the following definition will be useful. 

Definition 2.16. We will say that a collection T) of subsets of X ia a pre-Dynkin system 

if it satisfies the following two properties: 

(1) %f E,F and EnF e V, then E U F and E \ F e V; 

(2) if C V is at most countable, and any finite intersection of elements in C belongs to 
V, then the union of all elements of C belongs to T>. 

Lemma 2.17. Let V be a collection of subsets of a space X . V is a Dynkin system if and 
only if V is a pre-Dynkin system and X belongs to T> . 

Proof. Let P be a pre-Dynkin system on X such that X G P. In order to prove that V 
is a Dynkin system, we verify properties (a), (b) and (c) above. Property (c) holds by 
assumption. For property (a), let A E V. Since X E V and X n A = A, property (1) of a 
pre-Dynkin systems implies that A'^ = X \ A E V, hence V is closed under complements. 
Finally, for property (b), let C = {Aj}^^ C P be a countable collection of pairwise disjoint 
subsets of X. For any finite intersection of distinct elements of C we have 



Ai^nAi^n---n Ai^, 



Ai^eV ii k = 1, 
= X^gP if k>l. 



Therefore, property (2) of a pre-Dynkin system guarantees that IJi^i ^« ^ We conclude 
that P is a A-system and thus a Dynkin system. 

We now turn to the converse. Let D be a Dynkin system. Clearly, X eT>. For property 
(1) of a pre-Dynkin system, let E, F and E r\ F E T>. Since by property (i) T> is closed 
under relative complements, we have that E\F = E\{Er\F) G "D. Likewise, F \ E = 
F\{E n F) G P. From property (b) it follows that V is closed under disjoint finite unions, 
and thus we have that E U F = {E \ F) U {F \ E) U {E n F) e V. For property (2) of a 
pre-Dynkin system, observe first that property (1) implies that if we have a finite collection 
of sets in V, satisfying that all their intersections are also in V, then their union is in V as 
well. Now let C = {Ci}°li C D be a countable collection such that any finite intersection of 
its elements is in V. Denote = IJi=i ^ > 1- Applying the observation we just 

made to the finite collections Ck := {Ci, C2, ■ ■ ■ , Ck}, we deduce that Vk eV, for all k. Since 
by property (ii) V is closed under countable unions of increasing sequences, we conclude that 
Ui^i Ci = Ufcli Vk eT>. This completes the proof. □ 

Proposition 2.18. Let V be a pre-Dynkin system in X. If there is a countable basis B for 
the topology of X such that t/i fl f/2 H • • ■ fl [/„ G for any {[/i, ?72, . . . , f/„} C B, then V 
consists of all Borel subsets of X. 

Proof. Let A be an open subset of X. Since B is a. countable basis, there is a sequence 
{Ui, U2, . . . , Un, . . .} G B such that A = IJi^i ^i- Since, by assumption, all finite intersections 
of elements of the sequence belong to V, property (2) of Definition 12. 161 implies that A eV. 
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It follows that T) contains all open subsets of X and in particular X eT>. Therefore, T> is 
a Dynkin system, containing all open subsets. Since open subsets form a vr-system, we can 
invoke Dynkin's vr-A Theorem to conclude that all Borel subsets of X are in T>. □ 

Lemma 2.19. Let A* he a system of finite measures. The collection of subsets 

D = {E C X Borel : X'{E) is a Borel function on Y} 
is a pre-Dynkin system. 

Proof. We will prove that I) satisfies properties (1) and (2) of Definition 12. 161 For any y 
we have: 

xy{E uF) = \y{E) + \y{F) - xy{E n f), a^(e \f) = a^(f) - a'^(e n f). 

Therefore \*{E U F) and \*{E \ F) are Borel functions, and (1) follows. 

If C is finite, then (2) is & consequence of an inclusion-exclusion formula as in (1). Suppose 
now that C is infinite, write C = {£'„}J^^ and let E = [J^i ^n- Consider the sets 

Fi := El, F2 := Ei U E2, -F3 := EiU E2U E^, 

From the finite case we have that Fn ^ T) for all n > 1. Moreover, E = IJ^^ -Fn and 
\y{E) = lim„_j,oo A^(F„), for every y E Y. Thus X*{E) is a Borel function, being a limit 
of the sequence of Borel functions {A*(F„)}. Therefore E E V, proving the infinite case of 
(2). □ 

Lemma 2.20 (Criterion for a system of finite measures to be a finite BSM). Let vr : X — )■ F 

be a Borel map endowed with a system of finite measures A*. Assume that there is a countable 
basis B for the topology of X such that \' {Ui O U2 r\ ■ ■ ■ H Un) is a Borel function for any 
{Ui,U2,. . . ,Un} C B, n>l. Then A* is a finite BSM. 

Proof. Consider the collection V = {E C X Borel : A*(i?) is a Borel function on Y}. By 
Lemma 12.191 above, D is a pre-Dynkin system. With respect to V, the basis B satisfies the 
condition of Proposition I2.18[ which in turn implies that all Borel subsets of X are in V. 
Therefore, A* is a BSM. □ 

Lemma 2.21 (Criterion for a locally finite system of measures to be a locally finite BSM). 
Let TT : X ^ Y be a Borel map endowed with a locally finite system of measures A*. Assume 
that there is a countable basis B for the topology of X such that X*{Ui fl f/2 fl ■ ■ ■ fl [/„) is a 
Borel function for any {Ui, U2, ■ ■ ■ , Un} G B, n > 1. Then A* is a locally finite BSM. 

Proof. Let B = {f/j}^^. Since A* is locally finite, it is straightforward to verify that the 
sub-collection {U G B \ X^{U) < 00 for every y G Y} is itself a basis for X. Therefore, we 
can assume that all Ui E B satisfy X^iUi) < 00 for every y eY. 

For any i > 1, consider the map VTj : [/j — )■ F given by composing the inclusion Ui X 
with TT : X — )■ y. Let A* denote the system of measures on vTj obtained by restricting A*. 
Note that A* is a system of finite measures, since X\{Ui) = \^{Ui) < 00 for every y E Y. 
Now consider the collection 

Vi = {E C Ui Borel : \'{E) is a Borel function on Y}. 

We can apply Lemma I2.19[ which guarantees that Vi is a pre-Dynkin system in Ui. Also, 
the collection Bi = {U n?7j}°^^ is a basis for the topology of U. Moreover, due to our 
assumption on B, we see that Bi satisfies the hypotheses of Proposition 12.181 with respect to 
the collection Vi. Consequently, Vi consists of all Borel subsets of U^. 
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Let E C X he a Borel subset. We need to show that X*{E) is a Borel function. For any 

i, the function X'^E fl Ui) is a Borel function on Y, since E n Ui is a Borel subset of Ui and 
therefore in Dj. Therefore, for any i, X*{E (1 Ui) is a Borel function on Y. Likewise, for any 

ii, . . . ,ik the function X'{E nUi-^ fl ■ ■ ■ fl t/j^.) is a Borel function on Y. 

Next, we define Vn = ljr=i This is an increasing sequence of open sets {V^jJ^i, and 
each Vn satisfies A?'(K) < EILi ^^(^0 < for every y eY. Since = (U"^^ Ui) = 

{E n ?7i) U {E n U2) U • • ■ U (i? n [/„), a routine inclusion-exclusion type argument yields 
that for all n, X'{E fl Vn) can be written as a linear combination of functions of the form 
X*{E nUi-^ n ■ ■ ■ n f/jj,), and is therefore a Borel function on Y. 

Finally, X*{E) is the limit of the increasing sequence of Borel functions A*(-E'n Vn), hence 
by the Monotone Convergence Theorem, X*{E) is a Borel function on Y, as required. □ 

An immediate consequence of Lemma 12.211 is the following. 

Corollary 2.22. Let n : X ^ Y be a Borel map endowed with a locally finite system of 
measures A*. If X*{A) is a Borel function for any open set A, then X' is a locally finite BSM. 

Proposition 2.23. A CSM is a locally finite BSM. 

Proof Let A* be a CSM onn : X ->Y. By Corollary EH A* is locally finite. By Corollary 
12.221 it is sufficient to show that X*{A) is a Borel function for any open subset A. 

There exists an increasing sequence {An}'^^i of open subsets of A such that An is compact 
for every n. An C An+i and IJ^i = A. Moreover, there exists a non- decreasing sequence 
of compactly supported continuous functions : X — )■ [0, 1] such that ■?/'„ = 1 on An and 
supp{ipn) ^ for every n. Therefore, Vx G X, lim^^oo V'n(a;) = Xa^.^)- follows, by the 
Monotone Convergence Theorem, that 



Since Vn, G Cc{X) and A* is continuous, the map ?/ h-> '?/^„(x)(iA^(x) is continuous Vn. 
Therefore the map y t— ?■ A^(A) is a (monotone) limit of continuous (hence Borel) functions. 



We omit the full proof of the following lemma, which is analogous to the proof of Lemma 
12.211 via a corresponding version of Lemma [2.191 with V = {E C X Borel : fi{E) = ulE)}. 

Lemma 2.24. Let fi and v he two locally finite measures on a space X . Assume that there is 
a countable basis B for the topology of X such that fi{UinU2r\- ■ -dUn) = z/(?7inf/2n- ■ -ClUn) 
for any {Ui, U2, ■ ■ ■ , Un} d B, n>\. Then fi{E) = vi^E) for any Borel subset E C X . 

Corollary 2.25. Let /i and v be two locally finite measures on a space X. If fi{A) = i^i^A) 
for any open subset A ^ X , then fi{E) = ^{E) for any Borel subset E ^ X . 

We will make use of the above lemma and corollary in the sequel. 



The notion of composition of systems of measures appears in §1.3. a of [T], and is also 
mentioned briefly in [H] (see Definition 1.5). Consider the diagram 




and is thus a Borel function. 



□ 



3. Composition of systems of measures 



X 



p 



Y 



Z 



where a' is a BSM on p : X — )■ F and /3* is a system of measures on q -.Y ^ Z. 
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Definition 3.1. We define the composition {13 o a)* by 

{(3 o ay{E) = J ay{E) d(3'{y) Mz G and E C X Borel. 

Proposition 3.2. The composition {(3 o a)* is a system of measures on qop. If a* and (3* 
are both BSMs, then (/3 o a)' is a BSM. 

Proof. Note that for any z ^ Z and any Borel subset E <Z X, {f3oa)^{E) is well defined, since 
<y'{E) is a Borel function on Y and is a Borel measure on Y. To prove that (/3 o a)^ is a 
Borel measure on X, let {-Enj^i be a countable family of disjoint Borel subsets of X. Using 

a standard Monotone Convergence Theorem argument with Ylt=i i-^n) Yl^=i '^^ {^n)-, 
we obtain 

oo « oo „ oo 

n=l n=l n=l 

oo „ oo 

= "'(^") ^r(z/) = $^(/3oa)^(E„). 

n=l n=l 

To prove that {(3oay is concentrated on {qop)^^{z)., observe that if ?/ G ^'^"'^(2;) then p^^{y) C 
(g op)^^(2;). Taking complements in X we get a'^{X \ {q o p)~^[z)) < a^(X \ p^^{y)) = 0. 
Since (3^ is concentrated on q~^{z), we obtain 

(/3 o ay {X\{qo p)-\z)) = J^ay{X\{qo p)-\z)) d^^{y) = 0. 

We have shown that (/9 o a)* is a system of measures on q o p. Now assume that both a* 
and /3* are BSMs. Let C X be a Borel subset. Since a' is a BSM, the function a'{E) is 
a nonnegative Borel function on Y. But (3' is a BSM as well, so from Lemma 12.71 we have 
that z I— >• Jya'^iE) d(3^{y), which is precisely the function (/3 o ay{E), is a Borel function 
on Z. Therefore, (/3 o a)* is a BSM. This completes the proof. □ 

Proposition 3.3. If a' and l3' are both CSMs, then (/3 o a)' is a CSM. 

Proof. Let / G Cc(X). We need to show that the map z 1— )■ f^f{x)d{/3 o a)^(x) is a 
continuous function on Z. Define g{y) = f{x)day{x). Since a* is a CSM, Corollary 
12.101 implies that g{y) G Cc{Y). From the fact that (3' is a CSM we now get that the map 
z H-> Jy 9{y)d/3^{y) G Cc{Z). This completes the proof, since 



g{y)dp^{y) = j^^j^ f{x)day{x)j d(3\y) = f{x)d{(3 o ay{x). 

□ 

Proposition 3.4. Consider the setting of Definition \3. ll 

(1) Assume that p is an open map. If a* and [3* are positive on open sets then so is 
{(3oay. 

(2) Assume that p is a continuous map. If a* and (3* are locally bounded then so is 
(/3o«)V 

Proof. (1) Fix z E Z and let A C X be an open set satisfying A fl {qop)^^{z) ^ 0. We need 
to show that (/3 o a)^(A) > 0. The set fl q~^{z) is not empty since 
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Furthermore, p is assumed to be an open map, so p{A) is open in Y. This imphes that 
(3^(j){A)) > 0, since f3' is positive on open sets. Obviously, for every y G p{A) there exists 
X G A such that p{x) = y, hence p~^{y) fl A 7^ 0. This imphes that a^^A) > for every 
y G p{A), since a' is positive on open sets. We conclude that 

iPo aY{A) = [ ay{A) dP'{y) > [ a^iA) dP'{y) > 0. 

Jy Jp{A) 

(2) Take x E X. Since /3' is locally bounded, there exists an open neighborhood V of p{x) 
and a constant C2 such that (3^{V) < C2 for every z E Z. Since p is continuous and a* 
is locally bounded, there exists an open neighborhood U of x and a constant Ci such that 
p{U) C V and a^(f/) < Ci for every ?/ G Note that if y ^ p(f/), then p^^{y) fl t/ = 0. 
Hence a^(f/) = for all y ^ p{U). We therefore have 

(/3 o aYiU) = [ ay{U) df3'{y) = [ a^iU) df3\y) < d ■ P\p{U)) <C^-C<, 

JY Jp{U) 

for every z E Z. □ 

In general, the composition of locally finite systems of measures need not be locally finite. 
In order to assure local finiteness of the composition we need to require a stronger property of 
the system a'. We omit the proof of the following Lemma, which is an obvious modification 
of the proof of the second part of Proposition 13. 4[ 

Lemma 3.5. Consider the setting of Definition \3.1\ and assume that the map p is continu- 
ous. If a* is locally hounded and (5* is locally finite then {(5 o a)* is locally finite. 

We have seen in Lemma 12.111 that any GSM is locally bounded. Taken together with 
Lemma 13.51 and the fact that a locally bounded system is in particular locally finite, this 
implies that the composition is guaranteed to be locally finite in several more scenarios. 

Corollary 3.6. Consider the setting of Definition {SAl and assume that the map p is con- 
tinuous. Each of the following conditions implies that (/3 o a)* is locally finite. 

(1) a* is a CSM and (3* is locally finite. 

(2) a* and (3' are both locally bounded. 

(3) a* and (3* are both CSMs. 

(4) either a' or (3* is a CSM and the other is locally bounded. 

As a particular case of Lemma [375] we obtain the following useful result. The proof amounts 
to taking Z = {z}, viewing /3 as a trivial system of measures on the projection tt : F — t- {z} 
and applying Lemma [3.51 

Corollary 3.7. Let a* be a locally bounded BSM on a continuous map p : X ^ Y and let 

P be a locally finite measure on Y . For every Borel set E ^ X , define 

fi{E) = j^ay{E)df3{y). 



Then n is a locally finite measure on X. 
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4. Lifting of systems of measures 

The concept of lifting, which we define below, is discussed in Appendix A.l of [1], in the 
broader context of transverse measure theory. Let X, Y and Z be topological spaces, and 
let p : X — )■ Z and q : Y ^ Z he Borel maps. The usual pullback of X and Y over Z is 
the space 

X*zY = {{x,y)eXxY : p{x) = q{y)}. 

In order to lighten notation, we will usually write X *Y, keeping Z implicit. The topology 
on X * y is inherited from the product topology on X x y. Consider the pullback diagram 



X*Y 



Try 



Y 



■KX 



where tix and vry are the obvious projections, and a' is a system of measures on p : 
X — !■ Z. Observe that the fibers of the map vry are Cartesian products of the form 

T^Y^iy) =p'\qiy)) x {y}- 

We will assume throughout this section that a' is a locally finite system of measures. 

Definition 4.1. The lifting of the locally finite system of measures a* to ny , denoted 
is given by 

{q*a)y = a'^^y^ x 6y. 

More precisely, {q*ay{E) = {a'l^y^ X 5y){Enny\y)) for every y G Y and every Borel set 
ECX*Y. 

Remark 4.2. // (3* is a locally finite system of measures on q : Y ^ Z , then the lifting 
{p*(3)' to Tlx is defined similarly, by {p*(3Y = x The properties of the lifting {q*OL)* 

which we state and prove below, hold for as well, with the obvious modifications. 

Remark 4.3. In the sequel, we will make frequent use of open sets E X *Y of the form 
E = {Ax B)n (X * Y), where A and B are open sets in X and Y respectively. We will refer 
to these as elementary open sets. For any elementary open set we have 

{q*a)y{E) = {q*a)y{En7Ty\y)) 

(1) = iq*a)y{iAnp-\qiy)))xiBn{y})) 

= a'^^y\Anp-\q{y)))-6y{Bn{y}) 

= a''^y\A) -SyiB). 

If {An}'^^i and {Bm}m=i ^'^^ countable bases for the topologies of X and Y respectively, we 
can set B = {{An x Bm) fl X * Y}'^^^^. This gives a countable basis B for the topology of 
X *Y consisting of elementary open sets. 

Proposition 4.4. The lifting {q*a)* is a locally finite system of measures on tty- If o* is a 
BSM, then so is {q*a)'. 
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Proof. As a product of locally finite (hence cr-finite) Borel measures, {q*ay is a well defined 
Borel measure for every y eY. By definition it is concentrated on p~^{q{y)) x {y} = 7ry^(?/). 
Let (x, y) E X *Y. Since a* is locally finite, there exists a neighborhood f/^ of x such that 
a^{Ux) < oo for all z E Z. By calculation ([1]) above, the open neighborhood (?7^xF)n(X*F) 
of {x,y) satisfies ((f/^ x F) n (X * ¥)) = a<?(^)(f/^) ■ = a^^y^U^) < oo for every 

y eY, hence {q*(y)' is a locally finite system of measures. 

Now assume that a* is a BSM. In order to prove that {q*<yy is a BSM, we show first 
that {q*a)*{E) is a Borel function for any elementary open set E = {A x B) (1 {X * Y). 
For such E we have, by calculation ([T]), that {q*ay{E) = a'^^^^A) ■ Sy{B). Therefore, if 
we denote the composition of the Borel functions a* (A) and q by a'^^*^{A), we can write 
{q*ay{E) = a«(')(v4) ■ Xb- Thus (g*a)'(^) is a Borel function. 

Finite intersections of elementary open sets are themselves elementary open sets, and thus 
the basis B as in Remark 14.31 satisfies the hypotheses of Lemma 12.211 We conclude that 
{q*ay is a BSM. □ 

Lemma 4.5. Let X , y and Z he topological spaces and let 7* be a CSM on cj) -.y ^ Z. For 

every ip G Cc{X x 3^), the function {x,z) / 'ijj{x,y)d'y^{y) belongs to Cc{X x Z). 



Proof. We first show that F{x, z) = fy ip{x, y)dY{y) has compact support. Let hx '■ Xxy ^ 
X and T^y : X xy ^ y denote the projections, and let i^' C A* x 3^ be the support of ip. Ob- 
serve that if (x, z) ^ Tix{.K) x (f){7iy{K)), then {x, y) does not belong to K for any y G (t)~^{z). 
Therefore, for such {x,z) we have F[x,z) = Jyxl'{x,y)d'y^{y) = J^-i(^^-^4'{x,y)dY{y) = 0. 
Thus {{x,z) I F{x,z) 7^ 0} is contained in 7ix{K) x (f)(ny{K)) which is compact (hence 
closed), and it follows that supp{F) C 7r^(_ft') x (f)(ny{K)) is compact. 

We turn to proving that F is continuous on X x Z. Fix Xq E X, zq E Z and e > 0. We 
claim that there exists a neighborhood A^^ of Xq such that sup^ \ip{x, y) — ip{xQ, y)\ < 2e for 
any x E A^^. 

Let y' E 7iy{K). Since ip is continuous, there exist open sets A^^^y' C X and B^o^y' C y 
such that (xo, y') E A^^^y, x B^^^y>, and \tjj{x,y) - ^{xo,y')\ < e for any {x,y) E A,^^^y, x B^^^y>. 
In particular, \ip{x,y) - i){xo,y)\ < \'4}{x,y) - i){xo,y')\ + \^{xQ,y') - ^{xQ,y)\ < 2e. Since 
{xo} X ny{K) is compact, it admits a finite cover IJILi i^xoy' ^ ^xoy')- Define A^^ = 
xo,y'i — Uj=i -^a;o,^/^ Now consider {x,y) E A^g x y. li y E B^g, then 

\i^{x,y) - ^Pixo,y)\ < 2e. If y ^ B^^ then {x,y),{xo,y) i K, hence \tlj{x,y) - ^p{xo,y)\ = 
|0 — 0| = 0. Thus, for any x E A^^, we have sup^ \ip{x, y) — ^/'(xo, y)\ < 2e, as claimed. 

For every x E A^^ and z E Z, 



\F{x,z)-F{xo,z)\ 



i){x,y)dY{y) - / i){xQ,y)d-i\y) 

y Jy 



y 



{^{x,y) -ip{xo,y))dY{y) 
< I \^{x,y)-^Pixo,y)\dY{y) < 2eYMK)) 



y 



Since 7* is a CSM, by Lemma 12.111 it is locally bounded, or equivalently - bounded on 
compact sets. It follows that for every x E A^^ and z E Z, 

\F{x,z)-F{xo,z)\ < e-C, 
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where C is a constant depending only on K and 7*. 

On the other hand, by the definition of a GSM, there is a neighborhood V^q of zq such 
that for any z G V^g 

\F{xq,z) - F{xq,zq)\ < e. 
We conclude that for every (x, z) G A^^ x V^^, 

\F{x,z)-F{xo,zo)\<\F{x,z)~F{xo,z)\ + \F{xo,z)-F{xo,zo)\ < e{C + l), 
hence F is continuous. □ 

Proposition 4.6. If a* is a CSM, then so is the lifting {q*a)*. 

Proof. Let / G Cc{X * Y). We need to show that the function y 1— )■ f^^y v)d{(l*(yy{x, rf) 
is continuous on Y . The space X * y is closed in X x F , as the inverse image of the diagonal 
A(Z) under the continuous map {p,q)- Therefore, by Tietze's Extension Theorem, there 
exists a function F G C(X x Y) such that F\x*y = /• Since we can multiply F by a 
function cp G Cc(X x Y) which satisfies = 1 on K = supp{f), we can assume, without loss 
of generality, that F G Cc{X x Y). 

We now apply (a symmetric version of) lemma 1^31 above . and obtain that the map {y, z) 1— ?■ 
j-^^y F{x,y)da^{x) belongs to Cc{Y x Z). Composing with the continuous function y 1— t- 
(y, q'(y)), we deduce that the map y 1— )■ J^^-^y F{x, y)da^'^y\x) is continuous on Y . 

Observe that a'^^y^ is concentrated on p ^{q{y)). Therefore, since p ^{q{y)) x {y} G X *Y , 
we have 



F{x, y)da 



X] 



XxY 



F{x, y)doi 



<i{y)[ 



X] 



/(x,r/)rf(a^(^)x5,)(x,r/) 



f{x,y)da^^y\x) 



X*Y 



X*Y 



f{x,ri)d{q*ay{x,ri). 



X*Y 



We conclude that the map y 1— )■ /^^y /(^, ri)d{q*ay{C,, rf) is continuous on y, as required. □ 

Proposition 4.7. The properties of being positive on open sets and locally hounded are 
preserved under lifting. 

Proof. Assume that a* is positive on open sets. In order to prove that (g*Q;)* is positive on 
open sets, it suffices to consider only elementary open sets, since they generate the topology 
of X * y. So fix y G y and let E = [Ax B)r\ (X * Y) be an elementary open set such that 
{y) ^ 0. This implies that A np"^(g(?/)) ^ and y G -B, hence ofl'^y\A) > and 



FHTTy^ 



5y{B) = 1. Using calculation (P above we obtain that {q*a)y{E) = a'^^y>{A) ■ 6y{B) > 0. 
This proves that {q*a)* is positive on open sets. 

Proving that the lifted system is locally bounded is similar to the proof that it is locally 
finite in Proposition 14.41 □ 

Consider the pull-back diagram 



X*Y 



7Ty 



Y 



/3* 



p 

X ; ^Z 

a 
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where /3* and a" are locally finite BSMs, and {p*(3)' and {q*<yy are their lifting to ttx and 
TTy, respectively. By Proposition \AA\ {p*py and {q*<y)' are also locally finite BSMs. 

Proposition 4.8. The above pull-back diagram is a commutative diagram of locally finite 
BSMs. In other words, {f3 o and {a op* fi)' are locally finite and 

(/3 o q*a)' = (a o p* (3)' . 

Proof. Fix z & Z and denote /i = (/3 o q*aY and v = [ao q*(5y . We claim that ^{E) = ^{E) 
for any elementary open subset oi X *Y . Indeed, let E = {A ^ B) r\ {X * Y). Then by 
calculation ([1]) preceding Proposition 14. 4[ and recalling that is concentrated on q^^{z), 
we have: 



^^{E) = {Poq*aY{E) 



{q*a)y{E)dp^{y) 



Y 



a'^^y\A)-5y{B)dp^{y) 



Y 



Bnq-^{z) 



a''^y\A)d(3\y) 



Analogously, 
ij{E) = {aop*f3y{E) 



{p*py{E)da'{x) 



X 



a\A)dp\y) = a'{A)(3'{B). 



6^{A) ■ pP^^\B)da'{x) 



X 



(3P^''\B)da'ix) 



P\B)da\x) = a'{A)(3'{B). 



Therefore fi{E) = ^{E) for any elementary open set. 

The systems a' and /3* are locally finite. Thus, the topology of X * y admits a basis B 
as in Remark 14. 3^ comprised of elementary open sets of the form E = {A ^ B) r\ {X * Y) 
satisfying that a^{A) and P^{B) are both finite, for any z E Z. It follows from the above 
calculations that the compositions (/3 o and (a o are locally finite systems, and 

moreover, fi and u are locally finite measures. Since finite intersections of elementary open 
sets are themselves elementary open sets, we can apply Lemma 12.241 with the basis B, and 
conclude that = z^(i?) for every Borel subset E C X. This completes the proof. □ 



5. Fibred products of systems of measures 

Fibred products are mentioned in §1.3. a in [Ij. Assume that we have two puUback dia- 
grams: 



X,; * Y 



Y 



Also, let Xi 



X2 and Yi 



Y2 be connecting maps endowed with locally 



rx lY 
finite systems of measures, satisfying that pi = P2° f and qi = q2°g- Putting these together 
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we obtain the following diagram: 

X2 * Y2 — -F2 




where the map f * g = Xi * Yi X2 * Y2 is defined by (/ * g){xi,yi) = {f{xi),g{yi)). 
This is a Borel map, as the restriction of the Borel function f x g to the Borel subspace 
Xi*Yi C Xi X Yi. Moreover, the above diagram is commutative. Observe that the fibers of 
the map f * g are Cartesian products of the form (/ * g)^^{x2,y2) = f^^{x2) x g^^{y2)- 



We will assume throughout this section that 7^^ and 7y are locally finite systems of mea- 
sures. 

Definition 5.1. The fibred product of the locally finite systems of measures 7^ and 7y, 
denoted {pfx *1y)' , is defined by 

More precisely, (7^ * 7y)^''''^''' (E) = (7^' x 7^') {E n {f * g)-'^{x2,y2)) , for every {x2,y2) G 
X2 * Y2 and every Borel set E C Xi * Yi. 

Proposition 5.2. The fibred product (7^ * 7y)* is a locally finite system of measures on 
f * g. If '^x 7y ^'^^ ^^^^ locally finite BSMs, then so is {'-fx * Iv)' ■ 

Proof. The proof is very similar to the proof of Proposition 14.41 As a product of locally finite 
Borel measures, (7x*7y)*-'^^'^^^ is a well defined Borel measure for every {x2, 2/2) G X2*Y2. By 
definition it is concentrated on f~^{x2) x g~^{y2) = {f * g)~^{x2, ^2)- A calculation analogous 
to ([1]) in Remark 14.31 gives 

(2) (7x*7y)^^'^n^)=7^(^)-7^(i?) 

for any elementary open set of the form E = {A x B) (1 {Xi * Yi). Therefore, using the local 
finiteness of 73^ and 7y, we can find for any (a;i, yi) G Xi * Yi a neighborhood {Ux^ x Uy-^) fl 
(Xi * satisfying (7^ * 7y)^"''''^ {{U^, x Uy,) n (Xi * Y^)) = 7x'(^xJ • ll'iPy,) < 00 for 
all (x2, 1/2) & X2* Y2. Thus (7x * 7y)* is a locally finite system of finite measures. 

Now assume that 7y both locally finite BSMs. We need to prove that (7^ * 

7y)*(£') is a Borel function for any Borel subset E C Xi* Yi, but as in Proposition 14.41 it is 
sufficient to prove it for any elementary open subset E = [A x B) (1 (Xi * Yi). The rest of 
the proof uses the same arguments as Proposition 14.41 □ 
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In order to prove that a fibred product of CSMs is a CSM, we first need a lemma. We 
remind that in the CSM context, spaces are assumed to be Hausdorff and locally compact. 

ixixYi 

C,iX2XY2). 

Proof. Define a function F on X2 x Yi by ^ Jx '^{^■,y)d'^lc{^)- Using (a symmetric 

version of) Lemma IT5] with X = Yi, y = Xi and Z = X2, we deduce that F G Cc{X2 x Yi). 

Now define a function G on X2 x F2 by (,^, r/) 1— )■ J^^ y)d'~^Yi.y)- Again by (a symmetric 
version of) Lemma 145) with X = X2, y = Yi and Z = Y2, we deduce that G G Cc(X2 x Y2). 
This is what we had to prove. □ 

Proposition 5.4. If '~fx 7y '^'"^ ^^'^^ CSMs, then so is the fibred product (7^ * 1y)* ■ 

Proof. The proof is similar to that of Proposition 14.61 Let ip G Cc{Xi * Yi). We need to 
show that the function {^,1]) 1— J^^^^y^ i'ix,y)d{'yx * lY)^^'^\'X-,y) is continuous onX2 * Y2. 
As argued in the proof of Proposition 14. 6[ by Tietze's Extension Theorem, there exists a 
function F G Cc{Xi x Yi) such that F|xi*yi = V'- 

By Lemma [531 the map G : {i,rf) 1— )► J^^^yi -^(^' 2/)'^7i'(^)'^7y(2/) in Cc(X2 x Y2). In 
fact, G\x2*Y2 £ Gc{X2 * Y2), since X2 * Y2 is closed in X2 x Y2. 

Note that the measure 7^ is concentrated on ^"^^ the measure 7y is concentrated on 

g~^{ji). Hence their product is concentrated on the set of (x, y) satisfying /(x) = ^, giy) = rj. 
For (^, 77) G X2 * Y2 we have p2(0 = ?2(?7), so P2{f{x)) = q2{9{y))- Recalling that p^=p2°f 
and gi = g2 o fi-, we get pi{x) = P2\f{,x)) = q2{,g{,y)) = Qiiy), i.e. {x,y) G Xi * Yi. We 
conclude that the continuous map G\x2*Y2 satisfies 

G\x2*Y2i^,v) = / F{x,y)dj^xi^)d-f^{y) = / F{x,y)d-ilr{x)d-i'^{y) 

Xi*yi JXi*yi 
This completes the proof. □ 

Proposition 5.5. The properties of being positive on open sets and locally bounded are 
preserved under fibred products. 

Proof. The proof is very similar to its counterpart for lifting in Proposition 14.71 Assume that 
Yx and 7y are positive on open sets. To prove that {jx * 1y)' is positive on open sets is 
suffices to consider elementary open sets. Fix (x, y) G X2 * Y2 and let E = (A x B) fi (Xi * Yi) 
be an elementary open set such that En{f * g)^^{x,y) 7^ 0. This implies that Anf^^{x) 7^ 
and Bng~^{y) 7^ 0, hence 7x(^) > and 7y(-B) > 0. Using calculation ([2]) from Proposition 
[Owe obtain (7^ * 7y)(^'^)(^) = 7i(A) ■ 7^.(5) > 0. 

Proving that the lifted system is locally bounded is similar to the proof that it is locally 
finite in Proposition 13.21 □ 

Assume that we now have for i =1,2,3 the following three pull-back diagrams 

X; * Y X, 



Y 
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where the maps Pi and qi are all continuous. Furthermore, assume that we have con- 
tinuous connecting maps Xi ^ X2 , Yi — ^ I2 , X2 — ^ X3 and 

71* ?r 1' 

Y2 1 ^ Y3 , all endowed with locally finite systems of measures, satisfying that pi = 

P2 o /i, Qi = ?2 o fi'i, P2 = P3 o /2 and q2 = 92- Finally, assume that 7* and ^' are locally 
bounded. This data allows us to implement the fibred product construction above, giving 
rise to the following diagram, which is commutative as a diagram of topological spaces and 
continuous maps: 




Loosely speaking, the following proposition states that fibred products and compositions of 
systems of measures, commute. 

Proposition 5.6. In the above setting, 

[(72 * 6) o (71 * ii)]' = [(72 o 7i) * (6 o ^i)]*- 

Proof. Both [(72 * ^2) o (71 * ^1)]' and [(72 o 7^^) * (^2 o ^1)]* are systems of measures on the 
map from Xi * Yi to X3 * Y3, defined by {xi,yi) H- {f2{h{xi)), g2{gi{yi)))- By Proposition 
15. 2[ (71 * ^i)* and (72 * ^2)' are locally finite, the former being also locally bounded by 
Proposition 15. 5[ Thus, by Lemma 13.51 [(72 * ^2) o (71 * ^1)]* is a locally finite system of 
measures. Moreover, by Lemma [3.5[ (72 o 7]^)* and (^2 ° ^1)* are locally finite, implying in 
turn that [(72 o 7^^) * (^2 ° ^1)]' is locally finite by Proposition 15.21 
Fix (xs, ^3) G X3 * Y3. For any Borel set E Xi* Yi, define 

fi{E) = [(72 * 6) ° (71 * and u{E) = [(72 o 7O * (^2 o ^,)](-^'y^\E). 

Being extracted from locally finite systems of measures, /i and u are locally finite measures 
on Xi * Yi. 
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Next, let E = {A X B) n {Xi * Yi) be an elementary open set. Using the definitions of 
fibred products and compositions, along with Fubini's theorem, we get 



Finally, let {AnjJ^i and {Bm}'^=i be bases for the topology of Xi and Yi respectively. 
The collection B = {{An x Bm) H (Xi * yi)}„,m is a countable basis for the topology of 
Xi * Yi consisting of elementary open sets. Moreover, we have seen that fi and u agree on 
finite intersections of sets in B, since these are also of the form E = [A x B) (1 {Xi * Yi). 
We can now apply lemma 12.241 to the basis B and the locally finite measures /i and z/, and 
conclude that fi{E) = v{E) for any Borel set E Xi *Yi. Since (xs, y^) was arbitrary, this 
completes the proof. □ 



Disintegration of measures (sometimes called decomposition) has received vast attention 
in the literature. The purpose of presenting it here is limited to providing versions and 
derivatives of the fundamental result (Theorem ESI Corollary 16.61 and Proposition [^3]) which 
are consistent with our approach and terminology and suitable for our needs. This is why we 
chose to quote Fabec [6], rather than probably the most original source (von Neumann [8]) 
or alternatively more generalized versions. We do refer the reader interested in tracing the 
theorem historically to Ramsay ([ID], page 264), which in turn cites Mackey, Halmos, and 
ultimately von Neumann. Throughout this section we shall assume all spaces to be second 
countable, locally compact and Hausdorff. 

Definition 6.1. Let (X, /x) and iY^v) he measure spaces. We will say that a Borel map 
f : X Y is measure-preserving if = u. We will say that f is measure- class- 
preserving if f*^ ~ V. 

In the above definition /* is the push-forward, defined for any Borel set F C F by f^:fi{E) = 
fi{f~^{F)), and ~ denotes equivalence of measures in the sense of being mutually absolutely 
continuous. 

Definition 6.2. Let (X, yu) and (Y,!/) be measure spaces, and let f : X Y be a Borel 
map. A system of measures 7* on f will be called a disintegration of /i with respect to v 

if [i{E) = / 'jy(E)du(y) for every Borel set E C X . 



fi{E) 




[ (71 * ^iY''''''\E) d{^, * ^2Y'''''\x2,y2) 



(72 o7i)^='(A)- (60 6)^^(5) 

[(72 7i)*(6°ei)]^"^'^^n^) 
u{E). 
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Lemma 6.3. //7* is a system of probability measures on f which is a disintegration of n 
with respect to v, then f is measure preserving. 

Proof. Since 7' is a system of probability measures, 7^ is concentrated on f~^{y) and 
l^{f~^{y)) = 1 foi' ciny y & Y. Therefore, 7^(/~-^(F)) = Xpiu) Borel set F O Y. 

Thus, for any Borel set F C y we have 

= ^(/-^(F)) = l^^y{f-\F))du{y) = l^xAy)dHy) = ^{f), 

so / is measure preserving. □ 

Lemma 6.4. Let 7* be a system of measures on f which is positive on open sets. If 'f' is a 
disintegration of ^ with respect to v, then f is measure-class-preserving . 

Proof. Let F C y be a Borel set. For any y G y, we have 7^(/~^(F)) = Xf^v) 'l^if ^^iv)) = 
Xp{y) ■ ■y'y{X). Therefore 



= fiif-\F)) = j^^yU'\F))du{y) = J^xAyh'iX)duiy) = j^^y{X)dv{y). 

This shows that is absolutely continuous with respect to v. Moreover, since 7* is positive 
on open sets, "^'{X) is a positive function on y, and thus is equivalent to z/. We conclude 
that / is measure-class-preserving. □ 

The converse to the previous lemmas is less trivial. The following theorem is a restatement 
of Theroem 1.27 in [H]. The original theroem requires X to be a standard Borel space, which 
is a Polish space (i.e. a second countable topological space admitting a complete metric that 
generates the topology), together with its Borel a-algebra. However, recall that our spaces 
are assumed to be locally compact, Hausdorff and second countable, hence they are standard 
Borel spaces. We refer the reader to a paper by Ramsay [11] for a discussion of these facts. 

Theorem 6.5 ([6J, Theorem 1.27). Let {X,fi) and {Y,^) be spaces equipped with a-finite 
measures, and let f : X ^ Y be a measure-class-preserving Borel map. Then there exists a 
BSM •y' on f which is a disintegration of fi with respect to v. Moreover, «/7*,72 are two 
disintegrations, then 7^ = 7I for v -almost every y eY . 

Corollary 6.6. Let (X, /i) and (Yju) be spaces equipped with a-finite measures, and let 
f : X ^ Y be a measure-class-preserving Borel map. If is a locally finite measure, then 
there exists a locally finite BSM a' on f which is a disintegration of /i with respect to v. 
Moreover, if 0^,0* are two disintegrations, then a\ = q;| for u-almost every y eY. 



Proof. By Theorem 16. 5[ there exists a BSM 7* on / which is a disintegration of /i with 
respect to z/, and it is unique //-almost everywhere in Y. Let B = be a countable 

basis for the topology of X. Since n is locally finite, it is straightforward to verify that the 
sub-collection {B G B \ /i(-B) < 00} is itself a basis for X. Therefore, we can assume that 
all B^e B satisfy /i(5„) = Jy-fy{Bn)diy{y) < 00. It follows that 7^(5„) < CG for //-almost 
all yeY. 

Consider the Borel sets Yn = {y eY \ jy^Bn) = 00}. By our previous argument, the sets 
Yn all have //-measure zero, hence so does IJ^^i ^n- We denote Y' = Y \ and define 

a new BSM a* on / by 

'iHE) yeY' 

y^Y' 



ay{E) 
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for any Borel set E C X. It is easy to verify that a' is indeed a BSM on /. Moreover, since 
ay{E) = 7^(-E') for //-almost all y & Y, it follows that a' is also a disintegration of /i with 
respect to u, and the uniqueness i/-almost everywhere in Y holds for a'. 

It remains to show that a' is locally finite. For any x G X, let Bn G S be a neighborhood 
of X. Since 

Sn^n) yeY' 

y^Y' 

it follows that a^lBn) < oo for all ?/ G y. Thus a' is locally finite, and the proof is 
complete. □ 

The next lemma, which is rather elementary, is required for the proof of Proposition 16.81 
below. Lacking a formal reference, we include the proof, which is adapted from lecture notes 
found on the homepage of Gabriel Nagy. 

Lemma 6.7. Let fi,^ be finite measures on a measurable space {Y,J]). Then the Radon- 
Nikodym derivative h = dfi/du exists and belongs to L°°{Y, v) if and only if there is a constant 
C>Q such that ^{E) < C ■ v{E) for allE eT.. 

Proof. Suppose that the Radon-Nikodym derivative h = dfi/du exists and is in L°°(y, i/). 
Then for all G S we have /i(-E) = hdv < \\h\\^ ■ i^iE). 

Conversely, assume that there is a constant C such that fi{E) < C ■ i^iE) for all G S. A 
standard argument using simple functions and the Monotone Convergence Theorem, yields 
Jy fdfi < C ■ Jy fdu, for any measurable function / : F — )■ [0, oo]. It follows that the identity 
map / H-> / is a continuous function L^(Y, u) — > L^{Y,fi). Moreover, we have a composition 
of continuous linear functions L'^{Y,i') ^ L^(Y,u) — )■ L^{Y,fi) — )■ M given by / i— t- / i— t- 
f ^ Jy f dfi, which gives rise to a continuous linear functional on L^{Y, v). Since L'^iY, u) 
is a Hilbert space, there exists a function h G L'^iY, i/) such that fhdv = Jy fdfi for any 
/ G L^(Y, u). Setting f = Xe^^ S^^ /^(-^) = Je E E T,, hence h = dfi/du. Denote 

A^={yeY: h{y) > C + i}. Then /i(A„) = J^^ hdu > {C + ^) z/(A„) > (l + ^) /i(A„), 
from which it follows that > ^/^(An), so yu(A„) = 0. By the above inequality, this implies 
that z/(y4„) = 0. Therefore A = IJ^^^ An = {y eY : h{y) > C} also satisfies v{A) = 0. Thus 
< C and in particular h G L'^{Y, u). □ 



The following proposition provides a useful criterion for the existence of a disintegration 
which is locally bounded. Note that it requires the map / to be continuous. 

Proposition 6.8. Let (X, /i) and {Y, v) be spaces equipped with locally finite measures and let 
f : X ^ Y be a measure class preserving continuous map. The map f admits a disintegration 
a' which is locally bounded if and only if for any compact set K 'O X there exists a constant 
such that for all Borel sets E CY , 

fx{Knf-\E))<C,-u{E). 

Proof. Recall that our spaces are always assumed to be locally compact, Hausdorff and 
second countable, and as such, every locally finite measure is a-finite. By Corollary 16. 6[ / 
admits a disintegration a* of fi with respect to u, which is unique i/-almost everywhere in 
Y. Note that the system a' can be taken to be locally bounded, or equivalently bounded on 
compact sets, if and only if for any compact K 'O X, a*{K) is in L°°(y, z/), i.e. essentially 
bounded. 
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For every compact set K C X, consider the measure /i^ on Y defined by : = 

fi{K n f~^{E)), for all Borel sets E C Y. The measure fi^ is finite since /i is locally finite, 
and moreover, since / is measure class preserving, /i^ is absolutely continuous with respect 
to u. Let = d^j^/du denote the Radon-Nikodym derivative. Thus, for any Borel subset 
i5 C y, we have 



"-1/ 



E 



On the other hand, 

^^{K f\ f-\E)) = I ay{Knr\E))duiy)= I ay{K) du{y). 



Y 



Therefore, J^h^ dv = J^a*{K) dv for any E, hence = a*{K), //-almost everywhere in 
Y. 

Let z/^ be another measure on Y, defined by Vj^iE) = v{E fl f{K)). The measure z/^ is 
finite, since K is compact, / is continuous and u is locally finite. Moreover, /x^ is absolutely 
continuous with respect to z/^,: 

uAE)=0 => u{Enf{K))=0 U{Enf{K))=0 fi{f-\Enf{K))) = 

^ fiif-\E)nf-\fiK))) = o ^ fiif-\E)nK)=0 fiAE)=0. 

The Radon-Nikodym derivative dfi^/du^ is equal z/^^-almost everywhere to /i^, since 

= f,{Knr\E)) = ^^{Knf-\E)nr\f{K))) = fi{K n r\E n f{K))) 

h^{y) dv{y) = / h^{y) dv^{y). 



'Enf{K) JE 

In particular, = z/-almost everywhere outside f{K), since JEnf{K)^Kiy) ^^iv) = 
= hj.{y) dv{y) for any Borel subset E (ZY. It follows that /i^ G v) ^ hj. E 

L-(r,z.,). 

We now apply Lemma 16.71 to the finite measures fi^^ and u^^: The Radon-Nikodym 
derivative dfi^/dUj^ G z/^) if and only if there is a constant C = such that 

f^KiE) < ■ u^{e) for all E C F Borel. Equivalently: G L°^(F,z/) if and only if 
there is a constant such that fi{K n f~^{E)) < Ck ■ i^{E fl f{K)). Observe that the con- 
dition n{Knf-\E)) < CK-J^{Enf{K)),^E is equivalent to the condition fi{Knf-\E)) < 
Ck ■ i'{E),\fE. Indeed, the latter implies the former by taking E n f{K). Recalling that 
= a*{K) z/-almost everywhere in Y, we conclude that a*{K) G L°°{Y,i') if and only 
if there is a constant such that fi{K fl f~^{E)) < Ck ■ i'{E),\/E. This completes the 
proof. □ 



7. Systems of measures for groupoids 

Terminology in the groupoid literature is often a source for confusion. In this section we 
give a definition of Haar systems using the terminology we have adopted above, and show 
that it coincides with the standard definitions. 

Definition 7.1. Let G be a topological groupoid. A system of measures X' on the range map 
r : G ^ is said to be a system of measures on G. 
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Definition 7.2. A system of measures A* on G is called left invariant if for every x E G 
and for every Borel subset E C G, 



Lemma 7.3. A system of measures X* on G is left invariant if and only if for any x E G 

and every non-negative Borel function f on G, 



Proof. Assume A* is left invariant. Fix x E G, and note that y E x ■ {E H G^^^^) <^ x E 
E n G'^^^\ Therefore, for any Borel set E, 



Replacing x with x~^ we get J^XEiy)d^^^^\y) ~ JGXEi^y)d^^^^Ky)- Passing, as usual, 
from characteristic functions to any non-negative Borel function, we obtain that for any 
X E G and for every non-negative Borel function /, f{y)dy^^\y) = f{xy)d\'^^^\y) 
as claimed. 



Lemma 7.4. A CSM A* on G is left invariant if and only if for any x E G and every 
function f E CciG), 



Proof. Assume first that A* is a left invariant CSM on G. By Proposition 12.231 A* is a BSM, 
and by Lemma [7[3] we have that for any x E G and every non- negative Borel function / on G, 
/ f {xy)dX'^^^\y) = J f{y)dy^^\y). In particular this holds for any non- negative / E Gc{G). 
The usual decomposition of a general complex- valued / E Cc{G) as / = /i +i/2, and further 
as fk = {fk)+ - ifk)-, yields the property for any / E Cc{G). 

Conversely, if a CSM satisfies / f{xy)dX'^^''\y) = J f{y)dX'^''\y) for any / E Cc{G), then 
in particular the property holds for non-negative / E Cc{G). By approximating characteristic 
functions of open sets by continuous "bump" functions and using a standard Monotone 
Convergence Theorem argument, we obtain that J x^(x?/)(iA'^*^^'^(?/) = J XAiy)dX^^^\y) for 
any open subset A ^ X and any x E G. By means of a calculation similar to that of Lemma 
I7.3[ we deduce that X^^^\A) = A^'*^^) [x ■ {An G'^^^^)) for any open subset A C X and any 
X EG. Finally, we denote fx^{A) = A'^(^)(A) and uJ{A) = A^(^) {x-{An G'^(^))), and apply 
Corollary 12.251 to the locally finite measures fix and Ux. We conclude that fix{E) = i^xiE) 
for any Borel subset E (1 X. This holds for any x E G, which implies that A* is left 
invariant. □ 

Definition 7.5. A continuous left Haar system for G is a system of measures X* on G 
which is continuous, left invariant and positive on open sets. 

We should point out that in the groupoid literature, the definition of a continuous left 
Haar system for G appears different than ours at first glance. Modulo minor discrepancies 
between various sources (see for example standard references such as [7], [H], [13] and [T]), 





The converse is obtained by reversing the arguments. 



□ 
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it is usually defined to be a family A = {A" : u G G^'^^} of positive (Radon) measures on G 



satisfying the following properties: 

(1) supp{\^) = G'^ for every u G G^^^] 

(2) (continuity) for any / G Cc(G), the function j fdX" on is in Cc{G^% 

(3) (left-invariance) for any x G G and / G Cc(G), 



However, by Lemma \2A\ Corollary 12.101 and Lemma 17.41 the above definition is equivalent 
to our Definition 17.51 
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